A major problem in machine learning is that of inductive bias: how to choose a learner's hypothesis space so that it is large enough to contain a solution to the problem being learnt, yet small enough to ensure reliable generalization from reasonably-sized training sets. Typically such bias is supplied by hand through the skill and insights of experts. In this paper a model for automatically learning bias is investigated. The central assumption of the model is that the learner is embedded within an environment of related learning tasks. Within such an environment the learner can sample from multiple tasks, and hence it can search for a hypothesis space that contains good solutions to many of the problems in the environment. Under certain restrictions on the set of all hypothesis spaces available to the learner, we show that a hypothesis space that performs well on a sufficiently large number of training tasks will also perform well when learning novel tasks in the same environment. Explicit bounds are also derived demonstrating that learning multiple tasks within an environment of related tasks can potentially give much better generalization than learning a single task.
Introduction
Often the hardest problem in any machine learning task is the initial choice of hypothesis space; it has to be large enough to contain a solution to the problem at hand, yet small enough to ensure good generalization from a small number of examples (Mitchell, 1991) . Once a suitable bias has been found, the actual learning task is often straightforward. Existing methods of bias generally require the input of a human expert in the form of heuristics and domain knowledge (for example, through the selection of an appropriate set of features). Despite their successes, such methods are clearly limited by the accuracy and reliability of the expert's knowledge and also by the extent to which that knowledge can be transferred to the learner. Thus it is natural to search for methods for automatically learning the bias.
In this paper we introduce and analyze a formal model of bias learning that builds upon the PAC model of machine learning and its variants (Vapnik, 1982; Valiant, 1984; Blumer, Ehrenfeucht, Haussler, & Warmuth, 1989; Haussler, 1992) . These models typically take the following general form: the learner is supplied with a hypothesis space À and training data Þ ´Ü ½ Ý ½ µ ´Ü Ñ Ý Ñ µ drawn independently according to some underlying distribution È on ¢ . Based on the information contained in Þ, the learner's goal is to select a hypothesis from À minimizing some measure Ö È´ µ of expected loss with respect to È (for example, in the case of squared loss Ö È´ µ ´Ü Ýµ È´ ´Üµ Ýµ ¾ ). In such models the learner's bias is represented by the choice of À; if À does not contain a good solution to the problem, then, regardless of how much data the learner receives, it cannot learn.
Of course, the best way to bias the learner is to supply it with an À containing just a single optimal hypothesis. But finding such a hypothesis is precisely the original learning problem, so in the c BAXTER PAC model there is no distinction between bias learning and ordinary learning. Or put differently, the PAC model does not model the process of inductive bias, it simply takes the hypothesis space À as given and proceeds from there. To overcome this problem, in this paper we assume that instead of being faced with just a single learning task, the learner is embedded within an environment of related learning tasks. The learner is supplied with a family of hypothesis spaces À À , and its goal is to find a bias (i.e. hypothesis space À ¾ À ) that is appropriate for the entire environment.
A simple example is the problem of handwritten character recognition. A preprocessing stage that identifies and removes any (small) rotations, dilations and translations of an image of a character will be advantageous for recognizing all characters. If the set of all individual character recognition problems is viewed as an environment of learning problems (that is, the set of all problems of the form "distinguish 'A' from all other characters", "distinguish 'B' from all other characters", and so on), this preprocessor represents a bias that is appropriate for all problems in the environment. It is likely that there are many other currently unknown biases that are also appropriate for this environment. We would like to be able to learn these automatically.
There are many other examples of learning problems that can be viewed as belonging to environments of related problems. For example, each individual face recognition problem belongs to an (essentially infinite) set of related learning problems (all the other individual face recognition problems); the set of all individual spoken word recognition problems forms another large environment, as does the set of all fingerprint recognition problems, printed Chinese and Japanese character recognition problems, stock price prediction problems and so on. Even medical diagnostic and prognostic problems, where a multitude of diseases are predicted from the same pathology tests, constitute an environment of related learning problems.
In many cases these "environments" are not normally modeled as such; instead they are treated as single, multiple category learning problems. For example, recognizing a group of faces would normally be viewed as a single learning problem with multiple class labels (one for each face in the group), not as multiple individual learning problems. However, if a reliable classifier for each individual face in the group can be constructed then they can easily be combined to produce a classifier for the whole group. Furthermore, by viewing the faces as an environment of related learning problems, the results presented here show that bias can be learnt that will be good for learning novel faces, a claim that cannot be made for the traditional approach.
This point goes to the heart of our model: we are not not concerned with adjusting a learner's bias so it performs better on some fixed set of learning problems. Such a process is in fact just ordinary learning but with a richer hypothesis space in which some components labelled "bias" are also able to be varied. Instead, we suppose the learner is faced with a (potentially infinite) stream of tasks, and that by adjusting its bias on some subset of the tasks it improves its learning performance on future, as yet unseen tasks.
Bias that is appropriate for all problems in an environment must be learnt by sampling from many tasks. If only a single task is learnt then the bias extracted is likely to be specific to that task. In the rest of this paper, a general theory of bias learning is developed based upon the idea of learning multiple related tasks. Loosely speaking (formal results are stated in Section 2), there are two main conclusions of the theory presented here:
Learning multiple related tasks reduces the sampling burden required for good generalization, at least on a number-of-examples-required-per-task basis.
Bias that is learnt on sufficiently many training tasks is likely to be good for learning novel tasks drawn from the same environment.
The second point shows that a form of meta-generalization is possible in bias learning. Ordinarily, we say a learner generalizes well if, after seeing sufficiently many training examples, it produces a hypothesis that with high probability will perform well on future examples of the same task. However, a bias learner generalizes well if, after seeing sufficiently many training tasks it produces a hypothesis space that with high probability contains good solutions to novel tasks. Another term that has been used for this process is Learning to Learn (Thrun & Pratt, 1997) .
Our main theorems are stated in an agnostic setting (that is, À does not necessarily contain a hypothesis space with solutions to all the problems in the environment), but we also give improved bounds in the realizable case. The sample complexity bounds appearing in these results are stated in terms of combinatorial parameters related to the complexity of the set of all hypothesis spaces À available to the bias learner. For Boolean learning problems (pattern classification) these parameters are the bias learning analogue of the Vapnik-Chervonenkis dimension (Vapnik, 1982; Blumer et al., 1989) .
As an application of the general theory, the problem of learning an appropriate set of neuralnetwork features for an environment of related tasks is formulated as a bias learning problem. In the case of continuous neural-network features we are able to prove upper bounds on the number of training tasks and number of examples of each training task required to ensure a set of features that works well for the training tasks will, with high probability, work well on novel tasks drawn from the same environment. The upper bound on the number of tasks scales as Ç´ µ where is a measure of the complexity of the possible feature sets available to the learner, while the upper bound on the number of examples of each task scales as Ç´ · Òµ where Ç´ µ is the number of examples required to learn a task if the "true" set of features (that is, the correct bias) is already known, and Ò is the number of tasks. Thus, in this case we see that as the number of related tasks learnt increases, the number of examples required of each task for good generalization decays to the minimum possible. For Boolean neural-network feature maps we are able to show a matching lower bound on the number of examples required per task of the same form.
Related Work
There is a large body of previous algorithmic and experimental work in the machine learning and statistics literature addressing the problems of inductive bias learning and improving generalization through multiple task learning. Some of these approaches can be seen as special cases of, or at least closely aligned with, the model described here, while others are more orthogonal. Without being completely exhaustive, in this section we present an overview of the main contributions. See Thrun and Pratt (1997, chapter 1) for a more comprehensive treatment.
Hierarchical Bayes. The earliest approaches to bias learning come from Hierarchical Bayesian methods in statistics (Berger, 1985; Good, 1980; Gelman, Carlin, Stern, & Rubim, 1995) . In contrast to the Bayesian methodology, the present paper takes an essentially empirical process approach to modeling the problem of bias learning. However, a model using a mixture of hierarchical Bayesian and information-theoretic ideas was presented in Baxter (1997a) , with similar conclusions to those found here. An empirical study showing the utility of the hierarchical Bayes approach in a domain containing a large number of related tasks was given in Heskes (1998) .
A similar approach is described in Thrun and Mitchell (1995) , Thrun (1996) , in which a neural network's output was trained to match labels on a novel task, while simultaneously being forced to match its gradient to derivative information generated from a distance metric trained on previous, related tasks. Performance on the novel tasks improved substantially with the use of the derivative information.
Note that there are many other adaptive metric techniques used in machine learning, but these all focus exclusively on adjusting the metric for a fixed set of problems rather than learning a metric suitable for learning novel, related tasks (bias learning).
Feature learning or learning internal representations. As with adaptive metric techniques, there are many approaches to feature learning that focus on adapting features for a fixed task rather than learning features to be used in novel tasks. One of the few cases where features have been learnt on a subset of tasks with the explicit aim of using them on novel tasks was Intrator and Edelman (1996) in which a low-dimensional representation was learnt for a set of multiple related image-recognition tasks and then used to successfully learn novel tasks of the same kind. The experiments reported in Baxter (1995a, chapter 4) and Baxter (1995b) , Baxter and Bartlett (1998) are also of this nature.
Bias learning in Inductive Logic Programming (ILP).
Predicate invention refers to the process in ILP whereby new predicates thought to be useful for the classification task at hand are added to the learner's domain knowledge. By using the new predicates as background domain knowledge when learning novel tasks, predicate invention may be viewed as a form of inductive bias learning. Preliminary results with this approach on a chess domain are reported in Khan, Muggleton, and Parson (1998) .
Improving performance on a fixed reference task. "Multi-task learning" (Caruana, 1997) trains extra neural network outputs to match related tasks in order to improve generalization performance on a fixed reference task. Although this approach does not explicitly identify the extra bias generated by the related tasks in a way that can be used to learn novel tasks, it is an example of exploiting the bias provided by a set of related tasks to improve generalization performance. Other similar approaches include Suddarth and Kergosien (1990) , Suddarth and Holden (1991) , Abu-Mostafa (1993) .
Bias as computational complexity. In this paper we consider inductive bias from a samplecomplexity perspective: how does the learnt bias decrease the number of examples required of novel tasks for good generalization? A natural alternative line of enquiry is how the runningtime or computational complexity of a learning algorithm may be improved by training on related tasks. Some early algorithms for neural networks in this vein are contained in Sharkey and Sharkey (1993) , Pratt (1992) .
Reinforcement Learning. Many control tasks can appropriately be viewed as elements of sets of related tasks, such as learning to navigate to different goal states, or learning a set of complex motor control tasks. A number of papers in the reinforcement learning literature have proposed algorithms for both sharing the information in related tasks to improve average generalization performance across those tasks Singh (1992) , Ring (1995) , or learning bias from a set of tasks to improve performance on future tasks Sutton (1992) , Thrun and Schwartz (1995) .
Overview of the Paper
In Section 2 the bias learning model is formally defined, and the main sample complexity results are given showing the utility of learning multiple related tasks and the feasibility of bias learning. These results show that the sample complexity is controlled by the size of certain covering numbers associated with the set of all hypothesis spaces available to the bias learner, in much the same way as the sample complexity in learning Boolean functions is controlled by the Vapnik-Chervonenkis dimension (Vapnik, 1982; Blumer et al., 1989) . The results of Section 2 are upper bounds on the sample complexity required for good generalization when learning multiple tasks and learning inductive bias.
The general results of Section 2 are specialized to the case of feature learning with neural networks in Section 3, where an algorithm for training features by gradient descent is also presented. For this special case we are able to show matching lower bounds for the sample complexity of multiple task learning. In Section 4 we present some concluding remarks and directions for future research. Many of the proofs are quite lengthy and have been moved to the appendices so as not to interrupt the flow of the main text.
The following tables contain a glossary of the mathematical symbols used in the paper. 
À £
Function on probability distributions 160 
The Bias Learning Model
In this section the bias learning model is formally introduced. To motivate the definitions, we first describe the main features of ordinary (single-task) supervised learning models.
Single-Task Learning
Computational learning theory models of supervised learning usually include the following ingredients:
An input space and an output space , a probability distribution È on ¢ , a loss function Ð ¢ Ê, and a hypothesis space À which is a set of hypotheses or functions .
As an example, if the problem is to learn to recognize images of Mary's face using a neural network, then would be the set of all images (typically represented as a subset of Ê where each component is a pixel intensity), would be the set ¼ ½ , and the distribution È would be peaked over images of different faces and the correct class labels. The learner's hypothesis space À would be a class of neural networks mapping the input space Ê to ¼ ½ . The loss in this case would be discrete loss:
Using the loss function allows us to present a unified treatment of both pattern recognition ( ¼ ½ , Ð as above), and real-valued function learning (e.g. regression) in which Ê and usually
The goal of the learner is to select a hypothesis ¾ À with minimum expected loss:
Of course, the learner does not know È and so it cannot search through À for an minimizing Ö È´ µ. In practice, the learner samples repeatedly from ¢ according to the distribution È to generate a training set
Based on the information contained in Þ the learner produces a hypothesis ¾ À. Hence, in general a learner is simply a map from the set of all training samples to the hypothesis space À:
(stochastic learner's can be treated by assuming a distribution-valued .)
Many algorithms seek to minimize the empirical loss of on Þ, where this is defined by:
Of course, there are more intelligent things to do with the data than simply minimizing empirical error-for example one can add regularisation terms to avoid over-fitting.
However the learner chooses its hypothesis , if we have a uniform bound (over all ¾ À) on the probability of large deviation between Ö Þ´ µ and Ö È´ µ, then we can bound the learner's generalization error Ö È´ µ as a function of its empirical loss on the training set Ö Þ´ µ. Whether such a bound holds depends upon the "richness" of À. 
Proofs of this result may be found in Vapnik (1982) , Blumer et al. (1989) , and will not be reproduced here. Theorem 1 only provides conditions under which the deviation between Ö È´ µ and Ö Þ´ µ is likely to be small, it does not guarantee that the true error Ö È´ µ will actually be small. This is governed by the choice of À. If À contains a solution with small error and the learner minimizes error on the training set, then with high probability Ö È´ µ will be small. However, a bad choice of À will mean there is no hope of achieving small error. Thus, the bias of the learner in this model 2 is represented by the choice of hypothesis space À.
The Bias Learning Model
The main extra assumption of the bias learning model introduced here is that the learner is embedded in an environment of related tasks, and can sample from the environment to generate multiple training sets belonging to multiple different tasks. In the above model of ordinary (single-task) learning, a learning task is represented by a distribution È on ¢ . So in the bias learning model, an environment of learning problems is represented by a pair´È Éµ where È is the set of all probability distributions on ¢ (i.e., È is the set of all possible learning problems), and É is a distribution on È. É controls which learning problems the learner is likely to see 3 . For example, if the learner is in a face recognition environment, É will be highly peaked over face-recognition-type problems, whereas if the learner is in a character recognition environment É will be peaked over character-recognition-type problems (here, as in the introduction, we view these environments as sets of individual classification problems, rather than single, multiple class classification problems).
Recall from the last paragraph of the previous section that the learner's bias is represented by its choice of hypothesis space À. So to enable the learner to learn the bias, we supply it with a family or set of hypothesis spaces À À .
Putting all this together, formally a learning to learn or bias learning problem consists of:
an input space and an output space (both of which are separable metric spaces),
an environment´È Éµ where È is the set of all probability distributions on ¢ and É is a distribution on È, a hypothesis space family À À where each À ¾ À is a set of functions .
From now on we will assume the loss function Ð has range ¼ ½℄, or equivalently, with rescaling, we assume that Ð is bounded.
2. The bias is also governed by how the learner uses the hypothesis space. For example, under some circumstances the learner may choose not to use the full power of À (a neural network example is early-stopping). For simplicity in this paper we abstract away from such features of the algorithm and assume that it uses the entire hypothesis space
À.
3. É's domain is a -algebra of subsets of È. A suitable one for our purposes is the Borel -algebra ´È µ generated by the topology of weak convergence on È. If we assume that and are separable metric spaces, then È is also a separable metric space in the Prohorov metric (which metrizes the topology of weak convergence) (Parthasarathy, 1967) , so there is no problem with the existence of measures on ´È µ. See Appendix D for further discussion, particularly the proof of part 5 in Lemma 32.
We define the goal of a bias learner to be to find a hypothesis space À ¾ À minimizing the following loss:
The only way Ö É´À µ can be small is if, with high É-probability, À contains a good solution to any problem È drawn at random according to É. In this sense Ö É´À µ measures how appropriate the bias embodied by À is for the environment´È Éµ.
In general the learner will not know É, so it will not be able to find an À minimizing Ö É´À µ directly. However, the learner can sample from the environment in the following way:
Sample Ò times from È according to É to yield:
Sample Ñ times from ¢ according to each È to yield:
The resulting Ò training sets-henceforth called an´Ò Ñµ-sample if they are generated by the above process-are supplied to the learner. In the sequel, an´Ò Ñµ-sample will be denoted by Þ and written as a matrix:´Ü
An´Ò Ñµ-sample is simply Ò training sets Þ ½ Þ Ò sampled from Ò different learning tasks È ½ È Ò , where each task is selected according to the environmental probability distribution É.
The size of each training set is kept the same primarily to facilitate the analysis.
Based on the information contained in Þ, the learner must choose a hypothesis space À ¾ À . One way to do this would be for the learner to find an À minimizing the empirical loss on Þ, where this is defined by:
Note that Ö Þ´À µ is simply the average of the best possible empirical error achievable on each training set Þ , using a function from À. It is a biased estimate of Ö É´À µ. An unbiased estimate of Ö É´À µ would require choosing an À with minimal average error over the Ò distributions
As with ordinary learning, it is likely there are more intelligent things to do with the training data Þ than minimizing (8). Denoting the set of all´Ò Ñµ-samples by´ ¢ µ´Ò Ñµ , a general "bias learner" is a map that takes´Ò Ñµ-samples as input and produces hypothesis spaces À ¾ À as output:
(as stated, is a deterministic bias learner, however it is trivial to extend our results to stochastic learners). Note that in this paper we are concerned only with the sample complexity properties of a bias learner ; we do not discuss issues of the computability of .
Since is searching for entire hypothesis spaces À within a family of such hypothesis spaces À , there is an extra representational question in our model of bias learning that is not present in ordinary learning, and that is how the family À is represented and searched by . We defer this discussion until Section 2.5, after the main sample complexity results for this model of bias learning have been introduced. For the specific case of learning a set of features suitable for an environment of related learning problems, see Section 3.
Regardless of how the learner chooses its hypothesis space À, if we have a uniform bound (over all À ¾ À ) on the probability of large deviation between Ö Þ´À µ and Ö É´À µ, and we can compute an upper bound on Ö Þ´À µ, then we can bound the bias learner's "generalization error" Ö É´À µ.
With this view, the question of generalization within our bias learning model becomes: how many tasks (Ò) and how many examples of each task (Ñ) are required to ensure that Ö Þ´À µ and Ö É´À µ are close with high probability, uniformly over all À ¾ À ? Or, informally, how many tasks and how many examples of each task are required to ensure that a hypothesis space with good solutions to all the training tasks will contain good solutions to novel tasks drawn from the same environment?
It turns out that this kind of uniform convergence for bias learning is controlled by the "size" of certain function classes derived from the hypothesis space family À , in much the same way as the VC-dimension of a hypothesis space À controls uniform convergence in the case of Boolean function learning (Theorem 1). These "size" measures and other auxiliary definitions needed to state the main theorem are introduced in the following subsection. For any sequence of
We will also use Ð to denote´ ½ Ò µ Ð . For any À in the hypothesis space family À , define
In the first part of the definition above, hypotheses are turned into functions Ð mapping ¢ ¼ ½℄ by composition with the loss function. À Ð is then just the collection of all such functions where the original hypotheses come from À. À Ð is often called a loss-function class.
In our case we are interested in the average loss across Ò tasks, where each of the Ò hypotheses is chosen from a fixed hypothesis space À. This motivates the definition of Ð and À Ò Ð . Finally, À Ò Ð is the collection of all´ ½ Ò µ Ð , with the restriction that all ½ Ò belong to a single
For the hypothesis space family À , define
It is the "size" of À Ò Ð and À £ that controls how large the´Ò Ñµ-sample Þ must be to ensure Ö Þ´À µ and Ö É´À µ are close uniformly over all À ¾ À . Their size will be defined in terms of certain covering numbers, and for this we need to define how to measure the distance between elements of À Ò Ð and also between elements of À £ .
Similarly, for any distribution É on È and any
It is easily verified that È and É are pseudo-metrics 4 on À Ò Ð and À £ respectively. 
where the supremum is over all probability measures on È. AE´ À Ò Ð È µ is defined in a similar way, using È in place of É . Define the capacity of À Ò Ð by:
where now the supremum is over all sequences of Ò probability measures on ¢ .
Uniform Convergence for Bias Learners
Now we have enough machinery to state the main theorem. In the theorem the hypothesis space family is required to be permissible. Permissibility is discussed in detail in Appendix D, but note that it is a weak measure-theoretic condition satisfied by almost all "real-world" hypothesis space families. All logarithms are to base . 
then with probability at least ½ AE (over the´Ò Ñµ-sample Þ), all À ¾ À will satisfy
There are several important points to note about Theorem 2:
1. Provided the capacities ´ À £ µ and ´ À Ò Ð µ are finite, the theorem shows that any bias learner that selects hypothesis spaces from À can bound its generalisation error Ö É´À µ in terms of Ö Þ´À µ for sufficiently large´Ò Ñµ-samples Þ. Most bias learner's will not find the exact value of Ö Þ´À µ because it involves finding the smallest error of any hypothesis ¾ À on each of the Ò training sets in Þ. But any upper bound on Ö Þ´À µ (found, for example by gradient descent on some error function) will still give an upper bound on Ö É´À µ. See Section 3.3.1 for a brief discussion on how this can be achieved in a feature learning setting.
2. In order to learn bias (in the sense that Ö É´À µ and Ö Þ´À µ are close uniformly over all À ¾ À ), both the number of tasks Ò and the number of examples of each task Ñ must be sufficiently large. This is intuitively reasonable because the bias learner must see both sufficiently many tasks to be confident of the nature of the environment, and sufficiently many examples of each task to be confident of the nature of each task.
3. Once the learner has found an À ¾ À with a small value of Ö Þ´À µ, it can then use À to learn novel tasks È drawn according to É. One then has the following theorem bounding the sample complexity required for good generalisation when learning with À (the proof is very similar to the proof of the bound on Ñ in Theorem 2). 
then with probability at least ½ AE, all ¾ À will satisfy
The capacity ´ Àµ appearing in equation (24) is defined in an analogous fashion to the capacities in Definition 4 (we just use the pseudo-metric È´ Ð
The important thing to note about Theorem 3 is that the number of examples required for good generalisation when learning novel tasks is proportional to the logarithm of the capacity of the learnt hypothesis space À. In contrast, if the learner does not do any bias learning, it will have no reason to select one hypothesis space À ¾ À over any other and consequently it would have to view as a candidate solution any hypothesis in any of the hypothesis spaces À ¾ À . Thus, its sample complexity will be proportional to the capacity of À¾À À Ð À ½ Ð , which in general will be considerably larger than the capacity of any individual À ¾ À . So by learning À the learner has learnt to learn in the environment È Éµ in the sense that it needs far smaller training sets to learn novel tasks.
4. Having learnt a hypothesis space À with a small value of Ö Þ´À µ, Theorem 2 tells us that with probability at least ½ AE, the expected value of Ò ¾À Ö È´ µ on a novel task È will be less than Ö Þ´À µ · . Of course, this does not rule out really bad performance on some tasks È . However, the probability of generating such "bad" tasks can be bounded. In particular, note that Ö É´À µ is just the expected value of the function À £ over È, and so by Markov's inequality, for ¼,
(with probability ½ AE).
5. Keeping the accuracy and confidence parameters AE fixed, note that the number of examples required of each task for good generalisation obeys
So provided ÐÓ ´ À Ò Ð µ increases sublinearly with Ò, the upper bound on the number of examples required of each task will decrease as the number of tasks increases. This shows that for suitably constructed hypothesis space families it is possible to share information between tasks. This is discussed further after Theorem 4 below.
Choosing the Hypothesis Space Family À .
Theorem 2 only provides conditions under which Ö Þ´À µ and Ö É´À µ are close, it does not guarantee that Ö É´À µ is actually small. This is governed by the choice of À . If À contains a hypothesis space À with a small value of Ö É´À µ and the learner is able to find an À ¾ À minimizing error on the´Ò Ñµ sample Þ (i.e., minimizing Ö Þ´À µ), then, for sufficiently large Ò and Ñ, Theorem 2 ensures that with high probability Ö É´À µ will be small. However, a bad choice of À will mean there is no hope of finding an À with small error. In this sense the choice of À represents the hyper-bias of the learner.
Note that from a sample complexity point of view, the optimal hypothesis space family to choose is one containing a single, minimal hypothesis space À that contains good solutions to all of the problems in the environment (or at least a set of problems with high É-probability), and no more.
For then there is no bias learning to do (because there is no choice to be made between hypothesis spaces), the output of the bias learning algorithm is guaranteed to be a good hypothesis space for the environment, and since the hypothesis space is minimal, learning any problem within the environment using À will require the smallest possible number of examples. However, this scenario is analagous to the trivial scenario in ordinary learning in which the learning algorithm contains a single, optimal hypothesis for the problem being learnt. In that case there is no learning to be done, just as there is no bias learning to be done if the correct hypothesis space is already known.
At the other extreme, if À contains a single hypothesis space À consisting of all possible functions from then bias learning is impossible because the bias learner cannot produce a restricted hypothesis space as output, and hence cannot produce a hypothesis space with improved sample complexity requirements on as yet unseen tasks.
Focussing on these two extremes highlights the minimal requirements on À for successful bias learning to occur: the hypothesis spaces À ¾ À must be strictly smaller than the space of all functions , but not so small or so "skewed" that none of them contain good solutions to a large majority of the problems in the environment.
It may seem that we have simply replaced the problem of selecting the right bias (i.e., selecting the right hypothesis space À) with the equally difficult problem of selecting the right hyper-bias (i.e., the right hypothesis space family À ). However, in many cases selecting the right hyper-bias is far easier than selecting the right bias. For example, in Section 3 we will see how the feature selection problem may be viewed as a bias selection problem. Selecting the right features can be extremely difficult if one knows little about the environment, with intelligent trial-and-error typically the best one can do. However, in a bias learning scenario, one only has to specify that a set of features should exist, find a loosely parameterised set of features (for example neural networks), and then learn the features by sampling from multiple related tasks.
Learning Multiple Tasks
It may be that the learner is not interested in learning to learn, but just wants to learn a fixed set of Ò tasks from the environment´È Éµ. As in the previous section, we assume the learner starts out with a hypothesis space family À , and also that it receives an´Ò Ñµ-sample Þ generated from the Ò distributions È ½ È Ò . This time, however, the learner is simply looking for Ò hypotheseś ½ Ò µ, all contained in the same hypothesis space À, such that the average generalization error of the Ò hypotheses is minimal. Denoting´ ½ Ò µ by and writing È ´È ½ È Ò µ, this error is given by:
Ð´ ´Üµ Ýµ È ´Ü Ýµ and the empirical loss of on Þ is
As before, regardless of how the learner chooses´ ½ Ò µ, if we can prove a uniform bound on the probability of large deviation between Ö Þ´ µ and Ö È´ µ then any´ ½ Ò µ that perform well on the training sets Þ will with high probability perform well on future examples of the same tasks. 
then with probability at least ½ AE (over the choice of Þ), any ¾ À Ò will satisfy Ö È´ µ Ö Þ´ µ · Proof. Omitted (follow the proof of the bound on Ñ in Theorem 2).
The bound on Ñ in Theorem 4 is virtually identical to the bound on Ñ in Theorem 2, and note again that it depends inversely on the number of tasks Ò (assuming that the first part of the "max" expression is the dominate one). Whether this helps depends on the rate of growth of ´ ½ À Ò Ð µ as a function of Ò. The following Lemma shows that this growth is always small enough to ensure that we never do worse by learning multiple tasks (at least in terms of the upper bound on the number of examples required per task).
Lemma 5. For any hypothesis space family
Proof. Let Ã denote the set of all functions´ ½ Ò µ Ð where each can be a member of any hypothesis space À ¾ À (recall Definition 1). Then À Ò Ð Ã and so ´ À Ò Ð µ ´ Ãµ. By Lemma 29 in Appendix B, ´ Ãµ À ½ Ð ¡ Ò and so the right hand inequality follows.
For the first inequality, let È be any probability measure on ¢ and let È be the measure on´ ¢ µ Ò obtained by using È on the first copy of ¢ in the product, and ignoring all other elements of the product. Let AE be an -cover for´À Ò Ð È µ. Pick any Ð ¾ À ½ Ð and
. But by construction, È´´ µ Ð ´ ½ Ò µ Ð µ È´ ´ ½ µ Ð µ, which establishes the first inequality.
By Lemma 5
So keeping the accuracy parameters and AE fixed, and plugging (31) into (28), we see that the upper bound on the number of examples required of each task never increases with the number of tasks, and at best decreases as Ç´½ Òµ. Although only an upper bound, this provides a strong hint that learning multiple related tasks should be advantageous on a "number of examples required per task" basis. In Section 3 it will be shown that for feature learning all types of behavior are possible, from no advantage at all to Ç´½ Òµ decrease.
Dependence on
In Theorems 2, 3 and 4 the bounds on sample complexity all scale as ½ ¾ . This behavior can be improved to ½ if the empirical loss is always guaranteed to be zero (i.e., we are in the realizable case). The same behavior results if we are interested in relative deviation between empirical and true loss, rather than absolute deviation. Formal theorems along these lines are stated in Appendix A.3.
Feature Learning
The use of restricted feature sets is nearly ubiquitous as a method of encoding bias in many areas of machine learning and statistics, including classification, regression and density estimation. In this section we show how the problem of choosing a set of features for an environment of related tasks can be recast as a bias learning problem. Explicit bounds on ´À £ µ and ´À Ò Ð µ are calculated for general feature classes in Section 3.2. These bounds are applied to the problem of learning a neural network feature set in Section 3.3.
The Feature Learning Model
Consider the following quote from Vapnik (1996) :
The classical approach to estimating multidimensional functional dependencies is based on the following belief:
Real-life problems are such that there exists a small number of "strong features," simple functions of which (say linear combinations) approximate well the unknown function. Therefore, it is necessary to carefully choose a low-dimensional feature space and then to use regular statistical techniques to construct an approximation.
In general a set of "strong features" may be viewed as a function 
Now the problem of "carefully choosing" the right features is equivalent to the bias learning problem "find the right hypothesis space À ¾ À ". Hence, provided the learner is embedded within an environment of related tasks, and the capacities ´À £ µ and ´À Ò Ð µ are finite, Theorem 2 tells us that the feature set can be learnt rather than carefully chosen. This represents an important simplification, as choosing a set of features is often the most difficult part of any machine learning problem.
In Section 3.2 we give a theorem bounding ´À £ µ and ´À Ò Ð µ for general feature classes.
The theorem is specialized to neural network classes in Section 3.3. Note that we have forced the function class to be the same for all feature maps , although this is not necessary. Indeed variants of the results to follow can be obtained if is allowed to vary with .
Capacity Bounds for General Feature Classes
Notationally it is easier to view the feature maps as mapping from ¢ to Î ¢ by´Ü Ýµ ´ ´Üµ Ýµ, and also to absorb the loss function Ð into the definition of by viewing each ¾ as a map from Î ¢ into ¼ ½℄ via´Ú Ýµ Ð´ ´Úµ Ýµ. Previously this latter function would have been denoted Ð but in what follows we will drop the subscript Ð where this does not cause confusion. The class to which Ð belongs will still be denoted by Ð .
With the above definitions let Ð AE AE ¾ Ð ¾ . Define the capacity of Ð in the usual way,
where the supremum is over all probability measures on Î ¢ , and È´ ¼ µ Ê Î ¢ ´Ú Ýµ ¼´Ú Ýµ È´Ú Ýµ. To define the capacity of we first define a pseudo-metric È Ð ℄ on by "pulling back" the Ä ½ metric on Ê through Ð as follows:
It is easily verified that È Ð ℄ is a pseudo-metric. Note that for È Ð ℄ to be well defined the supremum over Ð in the integrand must be measurable. This is guaranteed if the hypothesis space family À Ð AE ¾ is permissible (Lemma 32, part 4). Now define AE´ È Ð ℄ µ to be the smallest -cover of the pseudo-metric space´ È Ð ℄ µ and the -capacity of (with respect to Ð )
where the supremum is over all probability measures on ¢ . Now we can state the main theorem of this section.
Theorem 6. Let À be a hypothesis space family as in equation (32). Then for all
Proof. See Appendix B.
Learning Neural Network Features
In general, a set of features may be viewed as a map from the (typically high-dimensional) input space Ê to a much smaller dimensional space Ê ( ). In this section we consider approximating such a feature map by a one-hidden-layer neural network with input nodes and output nodes Finding a good set of features for the environment´È Éµ is equivalent to finding a good hypothesis space À Û ¾ À , which in turn means finding a good set of feature map parameters Û.
As in Theorem 2, the correct set of features may be learnt by finding a hypothesis space with small error on a sufficiently large´Ò Ñµ-sample Þ. Specializing to squared loss, in the present framework the empirical loss of À Û on Þ (equation (8)) is given by
Since our sigmoid function only has range ¼ ½℄, we also restrict the outputs to this range.
ALGORITHMS FOR FINDING A GOOD SET OF FEATURES
Provided the squashing function is differentiable, gradient descent (with a small variation on backpropagation to compute the derivatives) can be used to find feature weights Û minimizing (40) (or at least a local minimum of (40)). The only extra difficulty over and above ordinary gradient descent is the appearance of " Ò " in the definition of Ö Þ´ÀÛ µ. The solution is to perform gradient descent over both the output parameters´« ¼ « µ for each node and the feature weights Û. For more details see Baxter (1995b) and Baxter (1995a, chapter 4) , where empirical results supporting the theoretical results presented here are also given.
SAMPLE COMPLEXITY BOUNDS FOR NEURAL-NETWORK FEATURE LEARNING
The size of Þ ensuring that the resulting features will be good for learning novel tasks from the same environment is given by Theorem 2. All we have to do is compute the logarithm of the covering numbers ´ À Ò Ð µ and ´ À £ µ. ¼ and the number of examples required of each task decreases as Ç´Ï Òµ. Thus a range of behavior in the number of examples required of each task is possible: from no improvement at all to an Ç´½ Òµ decrease as the number of tasks Ò increases (recall the discussion at the end of Section 2.6).
3. Once the feature map is learnt (which can be achieved using the techniques outlined in Baxter, 1995b; Baxter & Bartlett, 1998; Baxter, 1995a, chapter 4) , only the output weights have to be estimated to learn a novel task. Again keeping the accuracy parameters fixed, this requires no more that Ç´ µ examples. Thus, as the number of tasks learnt increases, the upper bound on the number of examples required of each task decays to the minimum possible, Ç´ µ.
4. If the "small number of strong features" assumption is correct, then will be small. However, typically we will have very little idea of what the features are, so to be confident that the neural network is capable of implementing a good feature set it will need to be very large, implying Ï . Ç´ · Ï Òµ decreases most rapidly with increasing Ò when Ï , so at least in terms of the upper bound on the number of examples required per task, learning small feature sets is an ideal application for bias learning. However, the upper bound on the number of tasks does not fare so well as it scales as Ç´Ï µ.
COMPARISON WITH TRADITIONAL MULTIPLE-CLASS CLASSIFICATION
A special case of this multi-task framework is one in which the marginal distribution on the input space È is the same for each task ½ Ò, and all that varies between tasks is the conditional distribution over the output space . An example would be a multi-class problem such as face recognition, in which ½ Ò where Ò is the number of faces to be recognized and the marginal distribution on is simply the "natural" distribution over images of those faces. In that case, if for every example Ü we have-in addition to the sample Ý from the th task's conditional distribution on -samples from the remaining Ò ½ conditional distributions on , then we can view the Ò training sets containing Ñ examples each as one large training set for the multi-class problem with ÑÒ examples altogether. The bound on Ñ in Theorem 8 states that ÑÒ should be Ç´Ò · Ï µ, or proportional to the total number of parameters in the network, a result we would expect from 6 (Haussler, 1992) . So when specialized to the traditional multiple-class, single task framework, Theorem 8 is consistent with the bounds already known. However, as we have already argued, problems such as face recognition are not really single-task, multiple-class problems. They are more appropriately viewed 6. If each example can be classified with a "large margin" then naive parameter counting can be improved upon (Bartlett, 1998) .
as a (potentially infinite) collection of distinct binary classification problems. In that case, the goal of bias learning is not to find a single Ò-output network that can classify some subset of Ò faces well. It is to learn a set of features that can reliably be used as a fixed preprocessing for distinguishing any single face from other faces. This is the new thing provided by Theorem 8: it tells us that provided we have trained our Ò-output neural network on sufficiently many examples of sufficiently many tasks, we can be confident that the common feature map learnt for those Ò tasks will be good for learning any new, as yet unseen task, provided the new task is drawn from the same distribution that generated the training tasks. In addition, learning the new task only requires estimating the output node parameters for that task, a vastly easier problem than estimating the parameters of the entire network, from both a sample and computational complexity perspective. Also, since we have high confidence that the learnt features will be good for learning novel tasks drawn from the same environment, those features are themselves a candidate for further study to learn more about the nature of the environment. The same claim could not be made if the features had been learnt on too small a set of tasks to guarantee generalization to novel tasks, for then it is likely that the features would implement idiosyncrasies specific to those tasks, rather than "invariances" that apply across all tasks.
When viewed from a bias (or feature) learning perspective, rather than a traditional Ò-class classification perspective, the bound Ñ on the number of examples required of each task takes on a somewhat different meaning. It tells us that provided Ò is large (i.e., we are collecting examples of a large number tasks), then we really only need to collect a few more examples than we would otherwise have to collect if the feature map was already known ( ·Ï Ò examples vs. examples).
So it tells us that the burden imposed by feature learning can be made negligibly small, at least when viewed from the perspective of the sampling burden required of each task.
Learning Multiple Tasks with Boolean Feature Maps
Ignoring the accuracy and confidence parameters and AE, Theorem 8 shows that the number of examples required of each task when learning Ò tasks with a common neural-network feature map is bounded above by Ç´ · Ï Òµ, where is the number of features and Ï is the number of adjustable parameters in the feature map. Since Ç´ µ examples are required to learn a single task once the true features are known, this shows that the upper bound on the number of examples required of each task decays (in order) to the minimum possible as the number of tasks Ò increases.
This suggests that learning multiple tasks is advantageous, but to be truly convincing we need to prove a lower bound of the same form. Proving lower bounds in a real-valued setting ( Ê) is complicated by the fact that a single example can convey an infinite amount of information, so one typically has to make extra assumptions, such as that the targets Ý ¾ are corrupted by a noise process. Rather than concern ourselves with such complications, in this section we restrict our attention to Boolean hypothesis space families (meaning each hypothesis ¾ À ½ maps to ¦½ and we measure error by discrete loss Ð´ ´Üµ Ýµ ½ if ´Üµ Ý and Ð´ ´Üµ Ýµ ¼ otherwise).
We show that the sample complexity for learning Ò tasks with a Boolean hypothesis space family À is controlled by a "VC dimension" type parameter À´Ò µ (that is, we give nearly matching upper and lower bounds involving À´Ò µ). We then derive bounds on À´Ò µ for the hypothesis space family considered in the previous section with the Lipschitz sigmoid function replaced by a hard threshold (linear threshold networks).
As well as the bound on the number of examples required per task for good generalization across those tasks, Theorem 8 also shows that features performing well on Ç´Ï µ tasks will generalize well to novel tasks, where Ï is the number of parameters in the feature map. Given that for many feature learning problems Ï is likely to be quite large (recall Note 4 in Section 3.3.3), it would be useful to know that Ç´Ï µ tasks are in fact necessary without further restrictions on the environmental distributions É generating the tasks. Unfortunately, we have not yet been able to show such a lower bound.
There is some empirical evidence suggesting that in practice the upper bound on the number of tasks may be very weak. For example, in Baxter and Bartlett (1998) we reported experiments in which a set of neural network features learnt on a subset of only 400 Japanese characters turned out to be good enough for classifying some 2600 unseen characters, even though the features contained several hundred thousand parameters. Similar results may be found in Intrator and Edelman (1996) and in the experiments reported in Thrun (1996) and Thrun and Pratt (1997, chapter 8) . While this gap between experiment and theory may be just another example of the looseness inherent in general bounds, it may also be that the analysis can be tightened. In particular, the bound on the number of tasks is insensitive to the size of the class of output functions (the class in Section 3.1), which may be where the looseness has arisen. (Sauer, 1972) , of which we will also make use.
UPPER AND LOWER BOUNDS FOR LEARNING

Lemma 9 (Sauer's Lemma). For a Boolean function class
for all positive integers Ñ.
We now generalize these concepts to learning Ò tasks with a Boolean hypothesis space family. 
examples of each task to ensure that with high probability the average true error of any Ò hypotheses it selects from À Ò is within of their average empirical error on the sample Þ. We now give a theorem showing that if the learning algorithm is required to produce Ò hypotheses whose average true error is within of the best possible error (achievable using À Ò ) for an arbitrary sequence of distributions È ½ È Ò , then within a ÐÓ ½ factor the number of examples in equation (50) 
LINEAR THRESHOLD NETWORKS
Theorems 13 and 14 show that within constants and a ÐÓ ´½ µ factor, the sample complexity of learning Ò tasks using the Boolean hypothesis space family À is controlled by the complexity parameter À´Ò µ. In this section we derive bounds on À´Ò µ for hypothesis space families constructed as thresholded linear combinations of Boolean feature maps. Specifically, we assume À is of the form given by (39), (38), (37) and (36), where now the squashing function is replaced with a hard threshold: Proof. We bound ´À µ and ´À µ and then apply Lemma 10. In the present setting À ½ contains all three-layer linear-threshold networks with input nodes, Ð hidden nodes in the first hidden layer, hidden nodes in the second hidden layer and one output node. From Theorem 13 in Bartlett (1993) , we have
which under the restrictions stated above is greater than Ï ¾. Hence ´À µ Ï ¾.
As and Ð
we can choose a feature weight assignment so that the feature map is the identity on components of the input vector and insensitive to the setting of the reminaing components. Hence we can generate · ½ points in whose image under the feature map is shattered by the linear threshold output node, and so ´À µ · ½.
Combining Theorem 15 with Corrolary 13 shows that
examples of each task suffice when learning Ò tasks using a linear threshold hypothesis space family, while combining Theorem 16 with Theorem 14 shows that if
then any learning algorithm will fail on some set of Ò tasks.
Conclusion
The problem of inductive bias is one that has broad significance in machine learning. In this paper we have introduced a formal model of inductive bias learning that applies when the learner is able to sample from multiple related tasks. We proved that provided certain covering numbers computed from the set of all hypothesis spaces available to the bias learner are finite, any hypothesis space that contains good solutions to sufficiently many training tasks is likely to contain good solutions to novel tasks drawn from the same environment.
In the specific case of learning a set of features, we showed that the number of examples Ñ required of each task in an Ò-task training set obeys Ñ Ç´ · Ï Òµ, where is the number of features and Ï is a measure of the complexity of the feature class. We showed that this bound is essentially tight for Boolean feature maps constructed from linear threshold networks. In addition, we proved that the number of tasks required to ensure good performance from the features on novel tasks is no more than Ç´Ï µ. We also showed how a good set of features may be found by gradient descent.
The model of this paper represents a first step towards a formal model of hierarchical approaches to learning. By modelling a learner's uncertainty concerning its environment in probabilistic terms, we have shown how learning can occur simultaneously at both the base level-learn the tasks at hand-and at the meta-level-learn bias that can be transferred to novel tasks. From a technical perspective, it is the assumption that tasks are distributed probabilstically that allows the performance guarantees to be proved. From a practical perspective, there are many problem domains that can be viewed as probabilistically distributed sets of related tasks. For example, speech recognition may be decomposed along many different axes: words, speakers, accents, etc. Face recognition represents a potentially infinite domain of related tasks. Medical diagnosis and prognosis problems using the same pathology tests are yet another example. All of these domains should benefit from being tackled with a bias learning approach.
Natural avenues for further enquiry include:
Alternative constructions for À . Although widely applicable, the specific example on feature learning via gradient descent represents just one possible way of generating and searching the hypothesis space family À . It would be interesting to investigate alternative methods, including decision tree approaches, approaches from Inductive Logic Programming (Khan et al., 1998) , and whether more general learning techniques such as boosting can be applied in a bias learning setting.
Algorithms for automatically determining the hypothesis space family À . In our model the structure of À is fixed apriori and represents the hyper-bias of the bias learner. It would be interesting to see to what extent this structure can also be learnt.
Algorithms for automatically determining task relatedness.
In ordinary learning there is usually little doubt whether an individual example belongs to the same learning task or not. The analogous question in bias learning is whether an individual learning task belongs to a given set of related tasks, which in contrast to ordinary learning, does not always have such a clear-cut answer. For most of the examples we have discussed here, such as speech and face recognition, the task-relatedness is not in question, but in other cases such as medical problems it is not so clear. Grouping too large a subset of tasks together as related tasks could clearly have a detrimental impact on bias-learning or multi-task learning, and there is emprical evidence to support this (Caruana, 1997) . Thus, algorithms for automatically determining task-relatedness are a potentially useful avenue for further research. In this context, see Silver and Mercer (1996) , Thrun and O'Sullivan (1996) . Note that the question of task relatedness is clearly only meaningful relative to a particular hypothesis space family À (for example, all possible collections of tasks are related if À contains every possible hypothesis space).
Extended hierarchies. For an extension of our two-level approach to arbitrarily deep hierarchies, see Langford (1999) . An interesting further question is to what extent the hierarchy can be inferred from data. This is somewhat related to the question of automatic induction of structure in graphical models. 
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Appendix A. Uniform Convergence Results
Theorem 2 provides a bound (uniform over all À ¾ À ) on the probability of large deviation between Ö É´À µ and Ö Þ´À µ. To obtain a more general result, we follow Haussler (1992) and introduce the following parameterized class of metrics on Ê · :
where ¼. Our main theorem will be a uniform bound on the probability of large values of Ö É´À µ Ö Þ´À µ℄, rather than Ö É´À µ Ö Þ´À µ . Theorem 2 will then follow as a corollary, as will better bounds for the realizable case Ö Þ´À µ ¼ (Appendix A.3). (17)). For any class of functions
where the supremum is over all product probability measures on´ ¢ µ Ò and AE´ À È µ is the size of the smallest -cover of À under È (recall Definition 4).
The following theorem is the main result from which the rest of the uniform convergence results in this paper are derived. 
A.1 Proof of Theorem 18
The proof is via a double symmetrization argument of the kind given in chapter 2 of Pollard (1984) . I have also borrowed some ideas from the proof of Theorem 3 in Haussler (1992 
Þ ¾Ñ ½ Þ ¾Ñ Ò
The following lemma is the first "symmetrization trick." We relate the probability of large deviation between an empirical estimate of the loss and the true loss to the probability of large deviation between two independent empirical estimates of the loss. (57) gives the result.
A.1.2 SECOND SYMMETRIZATION
The second symmetrization trick bounds the probability of large deviation between two empirical estimates of the loss (i.e. the right hand side of (56)) by computing the probability of large deviation when elements are randomly permuted between the first and second sample. The following definition introduces the appropriate permutation group for this purpose.
Definition 7. For all integers Ñ Ò ½, let ´¾Ñ Òµ denote the set of all permutations of the sequence of pairs of integers ´½ ½µ ´½ Òµ ´¾Ñ ½µ ´¾Ñ Òµ such that for all , ½ Ñ, either ´ µ ´Ñ · µ and ´Ñ · µ ´ µ or ´ µ ´ µ and ´Ñ · µ ´Ñ · µ. Now we bound the probability of each term in the right hand side of (58). 
To simplify the notation denote ´Þ µ by ¬ . For each pair , ½ Ñ, ½ Ò, let be an independent random variable such that ¬ ¬ Ñ· with probability ½ ¾ and ¬ Ñ· ¬ with probability ½ ¾. From (61),
For zero-mean independent random variables ½ with bounded ranges , Hoeffding's inequality (Devroye, Györfi, & Lugosi, 1996) is
Noting that the range of each is We treat the two inequalities in Lemma 23 separately.
A.2.1 INEQUALITY (62)
In the following Lemma we replace the supremum over À ¾ À in inequality (62) with a supremum over ¾ À Ò . and so combining Lemma 24, Equation (65) 
Equations (67), (68), (69) and (70) together imply inequality (34).
B.2 Bounding ´ À £ µ
We wish to prove that ´ À £ µ 
which gives inequality (35).
B.3 Proof of Theorem 7
In order to prove the bounds in Theorem 7 we have to apply Theorem 6 to the neural network hypothesis space family of equation (39) 
Appendix D. Measurability
In order for Theorems 2 and 18 to hold in full generality we had to impose a constraint called "permissibility" on the hypothesis space family À . Permissibility was introduced by Pollard (1984) for ordinary hypothesis classes À. His definition is very similar to Dudley's "image admissible Suslin" (Dudley, 1984) . We will be extending this definition to cover hypothesis space families.
Throughout this section we assume all functions map from (the complete separable metric space) into ¼ ½℄. Let ´Ì µ denote the Borel -algebra of any topological space Ì . As in Section 2.2, we view È, the set of all probability measures on , as a topological space by equipping it with the topology of weak convergence. ´Èµ is then the -algebra generated by this topology. The following two definitions are taken (with minor modifications) from Pollard (1984) . An analytic subset Ì of a Polish space Ì is simply the continuous image of a Borel subset of another Polish space . The analytic subsets of a Polish space include the Borel sets. They are important because projections of analytic sets are analytic, and can be measured in a complete measure space whereas projections of Borel sets are not necessarily Borel, and hence cannot be measured with a Borel measure. For more details see Dudley (1989) We now define permissibility of hypothesis space families. 7. A topological space is called Polish if it is metrizable such that it is a complete separable metric space.
